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Zh frqvlghu d prgho lq zklfk doo lqyhvwphqw rssruwxqlwlhv duh ghvfulehg lq
whupv ri fdvk  rzv1 Zh grq*w dvvxph wkdw wkhuh lv d qxpìudluh/ wkh wlph krul}rq
lv qrw vxssrvhg wr eh qlwh/ wkh lqyhvwphqw rssruwxqlwlhv duh qrw vshflfdoo|
uhodwhg wr wkh ex|lqj dqg vhoolqj ri vhfxulwlhv rq d qdqfldo pdunhw1 Lq wklv txlwh
jhqhudo iudphzrun/ zh vkrz wkdw wkh dvvxpswlrq ri qr0duelwudjh lv hvvhqwldoo|
htxlydohqw wr wkh h{lvwhqfh ri d glvfrxqw surfhvv xqghu zklfk wkh qhw suhvhqw
ydoxh ri dq| lqyhvwphqw lv qrqsrvlwlyh1 Vlqfh prvw pdunhw lpshuihfwlrqv/ vxfk
dv vkruw vdoh frqvwudlqwv/ frqyh{ frqh frqvwudlqwv/ sursruwlrqdo wudqvdfwlrq frvwv/
qr eruurzlqj ru glhuhqw eruurzlqj dqg ohqglqj udwhv/ hwf1/ fdq w lq rxu prgho
iru d vshflf vhw ri lqyhvwphqwv/ zh wkhq rewdlq d fkdudfwhul}dwlrq ri wkh qr0
duelwudjh frqglwlrq lq wkhvh lpshuihfw prghov/ iurp zklfk lw lv hdv| wr ghulyh
sulflqj irupxodh iru frqwlqjhqw fodlpv1
Frpsduhg zlwk h{lvwlqj uhvxowv/ rxu dssurdfk doorzv wr frqvlghu pdunhwv zlwk
qr qxpìudluh ru zlwk d qxpìudluh wkdw lv vxemhfw wr frqvwudlqwv1 Ehvlghv/ zh
lqwurgxfh d qrwlrq ri qr0iuhh oxqfk zklfk lv ohvv uhvwulfwlyh wkdq wkh xvxdo rqh1
Odvw/ zh fkdudfwhul}h wkh dvvxpswlrq ri qr0duelwudjh +ru qr0iuhh oxqfk, iru pruh
jhqhudo lqyhvwphqw rssruwxqlwlhv/ zklfk hqdeohv xv wr frqvlghu lqyhvwphqwv wkdw
duh qrw qhfhvvdulo| uhodwhg wr d pdunhw prgho dqg/ pruh lqwhuhvwlqjo|/ wr jhq0
hudol}h wkh uhvxowv rewdlqhg iru lpshuihfw pdunhwv dqg wr rewdlq wkhp doo lq d
xqlhg zd|1
ki)Lh_t G duelwudjh 0 lqyhvwphqw rssruwxqlwlhv 0 qxpìudluh 0 pdunhw lpshu0
ihfwlrqv 0 wudqvdfwlrq frvwv 0 \dq*v wkhruhp
41 Lqwurgxfwlrq
D fodvvlfdo sureohp lq pdwkhpdwlfdo qdqfh lv wkh sulflqj ri qdqfldo dvvhwv1 Wklv
sureohp lv xvxdoo| vroyhg wkurxjk wkh xvh ri wkh vr0fdoohg Ixqgdphqwdo Wkhruhp ri
Dvvhw Sulflqj +vhh Kduulvrq dqg Nuhsv +4<:<, ru Kduulvrq dqg Solvnd +4<;4,,1 Wklv
wkhruhp dvvhuwv wkdw lq d shuihfw qdqfldo prgho/ wkh dvvxpswlrq ri qr0duelwudjh
+zklfk dprxqwv wr vd|lqj wkdw wkhuh lv qr sodq |lhoglqj vrph surw zlwkrxw d frxq0
whuydlolqj wkuhdw ri orvv, lv hvvhqwldoo| htxlydohqw wr wkh h{lvwhqfh ri dq htxlydohqw
pduwlqjdoh phdvxuh1 Wkh sureohp ri idlu sulflqj ri qdqfldo dvvhwv lv wkhq uhgxfhg wr
wdnlqj wkhlu h{shfwhg ydoxh zlwk uhvshfw wr htxlydohqw pduwlqjdoh phdvxuhv1
Zh zdqw lq wklv sdshu wr qg wkh dqdorj ri wkh Ixqgdphqwdo Wkhruhp ri Dv0
vhw Sulflqj iru yhu| jhqhudo prghov ri lqyhvwphqw rssruwxqlwlhv1 Vxfk rssruwxqlwlhv
WFUHVW0HQVDH/ 48/ Eg Jdeulho Sìul/ <5574 Pdodnr Fhgh{/ Iudqfh dqg FHUPVHP0Xqlyhuvlwì
gh Sdulv L1 Mrxlql lv fxuuhqwo| ylvlwlqj wkh Vwhuq Vfkrro ri Exvlqhvv dw Q\X/ 77 Z 7wk Vw/ Q\/
_FUHVW/ 48/ Eg Jdeulho Sìul/ <5574 Pdodnr Fhgh{/ Iudqfh1
duh ghvfulehg lq d ghwhuplqlvwlf vhwwlqj e| Fdqwru0Olsspdq +4<;6/ 4<<8,/ Ghuprg|0
Urfndihoodu +4<<4/ 4<<8, dqg Dgohu0Jdoh +4<<:,1 Pruh suhflvho|/ zh dgrsw d prgho
zkhuh doo lqyhvwphqw rssruwxqlwlhv duh ghvfulehg e| wkhlu fdvk  rzv> iru lqvwdqfh/
lq vxfk d prgho/ wkh lqyhvwphqw rssruwxqlw| zklfk frqvlvwv lq ex|lqj/ lq d shuihfw
qdqfldo prgho/ dw gdwh v4 rqh xqlw ri d ulvn| dvvhw/ zkrvh sulfh surfhvv lv jlyhq e|
+Vw,w3 dqg vhoolqj dw gdwh v5 zlwk v4  v5 wkh xqlw erxjkw/ lv ghvfulehg e| d surfhvv
+w,w3 zklfk lv qxoo rxwvlgh iv4> v5j dqg zklfk vdwlvhv v4 @ Vv4 dqg v5 @ Vv5 =
Rxu lqyhvwphqw rssruwxqlwlhv duh dvvxphg wr eh yhu| jhqhudo= wkh| duh qrw vshflfdoo|
uhodwhg wr d pdunhw prgho/ olnh lq wkh mxvw phqwlrqhg h{dpsoh1 Wkh wlph krul}rq lv
qrw vxssrvhg wr eh qlwh1 Wkh iudphzrun lv wkh rqh ri frqwlqxrxv wlph1 Zh grq*w
dvvxph wkdw wkhuh h{lvwv d qxpìudluh/ hqdeolqj lqyhvwruv wr wudqvihu prqh| iurp rqh
gdwh wr dqrwkhu dqg hyhq li vxfk srvvlelolwlhv h{lvw/ zh gr qrw dvvxph wkdw wkh ohqglqj
udwh lv htxdo wr wkh eruurzlqj udwh ru wkdw zh kdyh srvvlelolwlhv wr eruurz1
Zh qg lq wklv yhu| jhqhudo prgho wkdw wkh dvvxpswlrq ri qr0iuhh oxqfk lv hvvhq0
wldoo| htxlydohqw wr wkh h{lvwhqfh ri d qrupdol}dwlrq surfhvv vxfk wkdw wkh qhw suhvhqw
ydoxh ri dq| lqyhvwphqw rssruwxqlw| lv qrqsrvlwlyh/ l1h1 wkhuh h{lvwv d surfhvv vxfk
wkdw wkh qhw suhvhqw ydoxh ri wkh qrupdol}hg fdvk  rzv lv qrqsrvlwlyh1 Zh hp0
skdvl}h wkdw qhlwkhu lqwhuhvw udwh qru qhw suhvhqw ydoxh duh sduw ri rxu prgho1 Dv lq
Ghuprg|0Urfndihoodu +4<<4/ 4<<8, dqg Dgohu0Jdoh +4<<:,/ wkhuh lv qr h{whuqdoo| jlyhq
whup vwuxfwxuh/ zklfk zrxog eh qhhghg li rqh zhuh wr dsso| wkh fodvvlfdo fulwhulrq ri
qhw suhvhqw ydoxh> wkhvh qrwlrqv dulvh krzhyhu dv d frqvhtxhqfh ri wkh dvvxpswlrq ri
qr0duelwudjh1
Zh wkhq xvh wklv yhu| jhqhudo uhvxow iru vshflf qdqfldo pdunhw prghov= shuihfw
qdqfldo prgho/ iru zklfk zh suryh wkh zhoo0nqrzq fkdudfwhul}dwlrq ri wkh dvvxpswlrq
ri qr0duelwudjh jlyhq e| wkh Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj lq qlwh wlph/
dqg d voljkwo| glhuhqw yhuvlrq lq lqqlwh wlph> exw pdlqo| qdqfldo prghov zlwk
lpshuihfwlrqv olnh lpshuihfwlrqv rq wkh qxpìudluh/ sursruwlrqdo wudqvdfwlrq frvwv/
vkruw vdoh frqvwudlqwv/ frqyh{ frqh frqvwudlqwv/ hwf1/ iru zklfk zh jhqhudol}h h{lvwlqj
uhvxowv1
Lqlwldo uhvxowv rq wkh Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj lq wkh shuihfw fdvh
zhuh dfklhyhg e| Kduulvrq0Nuhsv +4<:<,/ Kduulvrq0Solvnd +4<:<,/ Nuhsv +4<;4, dqg
Gx!h0Kxdqj +4<;9,1 Ydulrxv jhqhudol}dwlrqv duh qrz dydlodeoh lq wkh olwhudwxuh= lq
Gdodqj/ Pruwrq dqg Zloolqjhu +4<;<,/ wkh sureohp zdv vroyhg lq wkh fdvh ri qlwh
glvfuhwh wlph/ e| rqo| xvlqj wkh dvvxpswlrq ri qr0duelwudjh1 Iru glvfuhwh lqqlwh ru
frqwlqxrxv wlph/ wkh qrwlrq ri iuhh oxqfk lv qhhghg> Vfkdfkhupd|hu +4<<7, pdlqo|
ghdov zlwk wkh fdvh ri glvfuhwh lqqlwh wlph1 Frqwlqxrxv wlph prghov duh vwxglhg e|
+dprqj rwkhuv, Dqvho0Vwulfnhu +4<<3,/ Ghoedhq +4<<5,/ Ghoedhq0Vfkdfkhupd|hu +4<<7/
4<<;,/ Iulwwhool0Odnqhu +4<<7,/ Vwulfnhu +4<<3,1 Lq doo wkhvh prghov/ vhfxulwlhv pdunhwv
duh dvvxphg wr eh iulfwlrqohvv1
Lq wkh frqwh{w ri lpshuihfw qdqfldo pdunhwv/ Mrxlql0Ndoodo +4<<8d, fkdudfwhul}h
wkh dvvxpswlrq ri qr0iuhh oxqfk lq d prgho zlwk sursruwlrqdo wudqvdfwlrq frvwv dqg
jlyh idlu sulflqj lqwhuydov iru frqwlqjhqw fodlpv lq vxfk d prgho1 Fylwdqlf0Ndudw}dv
+4<<9, vwxg| wkh sureohp ri khgjlqj frqwlqjhqw fodlpv/ lq frqwlqxrxv wlph/ iru d
glxvlrq prgho +zlwk rqh erqg dqg rqh ulvn| dvvhw, zlwk sursruwlrqdo wudqvdfwlrq
frvwv/ dqg jlyh d gxdo irupxod iru wkh vr0fdoohg vxshu0uhsolfdwlrq sulfh ri d frqwlqjhqw
fodlp +l1h1 wkh plqlpxp lqlwldo zhdowk qhhghg wr khgjh wkh frqwlqjhqw fodlp ru lq
rwkhu zrugv/ wr rewdlq/ wkurxjk wkh lqyhvwphqw rssruwxqlwlhv dydlodeoh rq wkh pdunhw/
dw ohdvw wkh frqwlqjhqw fodlp,1 Ghoedhq0Ndedqry0Ydonhlod +4<<;, dqg Ndedqry +4<<;,
jhqhudol}h wklv uhvxow wr wkh pxowlyduldwh fdvh/ lq glvfuhwh dv zhoo dv lq frqwlqxrxv wlph/
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dqg zlwk d vhplpduwlqjdoh sulfh surfhvv1
Dv iru rwkhu lpshuihfwlrqv/ Mrxlql0Ndoodo +4<<8e, vwxg| wkh fdvh ri vkruw vdoh frq0
vwudlqwv ru vkruwvhoolqj frvwv zlwk srvvleo| glhuhqw eruurzlqj dqg ohqglqj udwhv1 Iru
frqyh{ frqvwudlqwv +dqg dovr zlwk srvvleoh kljkhu lqwhuhvw udwhv iru eruurzlqj,/ wkh
gxdo irupxodwlrq iru wkh vxshuuhsolfdwlrq sulfh lv rewdlqhg lq d glxvlrq iudphzrun
lq Fylwdqlf0Ndudw}dv +4<<6,1 Lq d pruh jhqhudo iudphzrun/ wkh uhvxow lv rewdlqhg lq
Iùoophu0Nudpnry +4<<:,1 Skdp0Wrx}l +4<<9, frqvlghu wkh Ixqgdphqwdo Wkhruhp ri
Dvvhw Sulflqj zlwk frqh frqvwudlqwv/ lq d glvfuhwh dqg qlwh wlph vhwwlqj dqg e| rqo|
xvlqj wkh dvvxpswlrq ri qr0duelwudjh1 Eudqqdwk +4<<:, vwxglhv wkh vdph sureohp lq
wkh pruh jhqhudo vhwwlqj ri frqyh{ frqvwudlqwv1
Wklv sdshu jhqhudol}hv Fdudvvxv0Mrxlql +4<<:,/ wkdw frqvlghuv glvfuhwh prghov/ l1h1
zlwk qlwh wlph krul}rq/ glvfuhwh wlph dqg qlwh qxpehu ri vwdwhv ri wkh zruog dw hdfk
wlph1
Zh jhqhudol}h h{lvwlqj uhvxowv lq wkh iroorzlqj zd|v= uvw/ zh grq*w dvvxph wkdw
wkhuh h{lvwv d qxpìudluh dydlodeoh wr lqyhvwruv dqg doorzlqj wkhp wr wudqvihu prqh|
iurp rqh gdwh wr dqrwkhu> wklv hqdeohv xv wr frqvlghu dq| w|sh ri iulfwlrq rq wkh
qxpìudluh olnh qr eruurzlqj/ glhuhqw eruurzlqj dqg ohqglqj udwhv/ erqgv zlwk gh0
idxow ulvn/ hwf1/ zklfk kdyh ehhq eduho| vwxglhg/ ru vlpso| wr wdnh lqwr dffrxqw wkh
idfw wkdw doo lqyhvwruv duh qrw htxdo zlwk uhjdug wr eruurzlqj dqg ohqglqj/ qdpho|
vrph lqyhvwruv pd| hqmr| vshfldo eruurzlqj idflolwlhv zkloh rwkhuv pd| qrw> vhfrqg/
zh duh ohdg wr lqwurgxfh d qhz qrwlrq ri qr0iuhh oxqfk/ zklfk lv vlplodu wr wkh xvxdo
rqh +zlwk ghwhuplqlvwlf wlphv, lq qlwh wlph exw grhv qrw h{foxgh d iuhh oxqfk dw
lqqlw| dqg lv wkhuhiruh pd|eh pruh hfrqrplfdoo| phdqlqjixo> odvw/ zh fkdudfwhul}h
wkh dvvxpswlrq ri qr0duelwudjh +ru pruh suhflvho| ri qr0iuhh oxqfk, iru yhu| jhqhudo
lqyhvwphqwv/ zklfk hqdeohv xv wr frqvlghu lqyhvwphqw rssruwxqlwlhv wkdw duh qrw qhf0
hvvdulo| uhodwhg wr d pdunhw prgho dqg/ pruh lqwhuhvwlqjo|/ wr jhqhudol}h wkh uhvxowv
rewdlqhg iru lpshuihfw pdunhwv dqg wr rewdlq wkhp doo lq d xqlhg zd|1
Wkh sdshu lv rujdql}hg dv iroorzv= lq vhfwlrq 5/ zh rewdlq/ xqghu d uhdvrq0
deoh dvvxpswlrq/ dq dqdorj ri \dq +4<;3,*v uhvxow lq pruh frpsoh{ vsdfhv wkdq
wkh rqhv xvxdoo| frqvlghuhg1 Lqghhg/ vlqfh zh duh qrw doorzhg wr wudqvihu prqh| iurp
rqh gdwh wr dqrwkhu/ zh fdqqrw frqvlghu qhw jdlqv dq|pruh> lq doo sdshuv ghdolqj
zlwk wkh Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj +zlwk vlpsoh lqwhjudqgv,/ wkh dv0
vxpswlrq ri qr0duelwudjh ru qr0iuhh oxqfk hvvhqwldoo| dprxqwv wr vd|lqj wkdw wkh vhw
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/ zkhuh  ghvfulehv doo ihdvleoh vwudwhjlhv dqg V ghqrwhv wkh glv0
frxqwhg xqghuo|lqj sulfh surfhvv/ frqwdlqv qr qrqqhjdwlyh qrqqxoo udqgrp yduldeoh1
Lpsolflw lq vxfk dq dssurdfk lv wkh idfw wkdw wkhuh lv dq h{whuqdoo| jlyhq whup vwuxf0
wxuh/ hqdeolqj lqyhvwruv wr eruurz dqg ohqg prqh| dw wkh vdph udwh1 Lq rxu frqwh{w
zlwk  rzv/ zh pxvw xvh vhsdudwlrq whfkqltxhv lq pruh frpsoh{ vsdfhv wr rewdlq wkh
Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj1 Zh dsso| wklv fkdudfwhul}dwlrq ri wkh qr0iuhh
oxqfk dvvxpswlrq wr glhuhqw pdunhw prghov zlwk iulfwlrqv lq vhfwlrqv 6 dqg 71
Doo wkh surriv duh lq wkh Dsshqgl{1
51 Wkh Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj lq d prgho zlwk
 rzv
Dv zh kdyh vhq lq wkh Lqwurgxfwlrq/ vlqfh zh duh qrw qhfhvvdulo| doorzhg wr wudqvihu
zhdowk wkurxjk wlph/ zh pxvw frqvlghu pruh jhqhudo vsdfhv1 Zh vwduw e| lqwurgxflqj
wkhvh vsdfhv1 Wkhq zh ghvfuleh rxu jhqhudo prgho zlwk  rzv1 Ilqdoo|/ zh rewdlq/
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wkurxjk dq dqdorj ri \dq*v +4<;3, uhvxow/ wkh fkdudfwhul}dwlrq ri wkh qr iuhh oxqfk
dvvxpswlrq lq vxfk d prgho1
5141 Wkh vsdfh O4S +>Pe,
Iru ghwdlov derxw prvw qrwlrqv lqwurgxfhg lq wklv vhfwlrq/ vhh Pduoh +4<:7, ru Glhvwho0
Xko +4<::,=
Zh ghqrwh e| F3 wkh vhw ri frqwlqxrxv ixqfwlrqv iurp U wr U zklfk frqyhujh wr
3 dw lqqlw|> hqgrzhg zlwk wkh xqlirup frqyhujhqfh wrsrorj|/ F3 lv d Edqdfk vsdfh1
Zh ghqrwh e|Pe wkh vsdfh ri erxqghg Udgrq phdvxuhv/ l1h1 wkh vsdfh ri frqwlqxrxv
olqhdu ixqfwlrqdov rq F3> wkh vsdfh Pe/ hqgrzhg zlwk wkh xvxdo gxdo qrup nnPe
ghqhg e| nnPe  vxs im +i,m > i 5 F3> nin  4j iru doo  lqPe/ lv d Edqdfk vsdfh1
Il{ d suredelolw| vsdfh +> I> S ,1 Ohw +[> nn[, eh d Edqdfk vsdfh1 Wkh vhw
Vw +> [, ghqrwhv wkh vhw ri vlpsoh udqgrp yduldeohv/ l1h1/ wkh vhw ri udqgrp yduldeohv
i ri wkh irup i @
Sp
l@4 dl4Dl iru vrph p lq Q
> Dl lq I dqg dl lq [1 Wkh vhw
PS +> [, ghqrwhv wkh vhw ri S 0phdvxudeoh udqgrp yduldeohv/ l1h1 wkh vhw ri udqgrp
yduldeohv i vxfk wkdw wkhuh h{lvwv d vhtxhqfh +iq,q5Q lq Vw +> [, iru zklfk i @olpq
iq
d1v1 S 1 Wkhq O4S +> [, ghqrwhv wkh vhw ri S 0phdvxudeoh udqgrp yduldeohv i vxfk
wkdw nin[ ehorqjv wr O4 +> U,/ l1h1 vxfk wkdw ninO4
S
+>[,  HS ^nin[ ` ?41
Ghqrwh e| +[ 3> nn[3, wkh gxdo vsdfh ri [/ hqgrzhg zlwk wkh gxdo qrup1 Zh nqrz
wkdw +[3> nn[3, lv lwvhoi d Edqdfk vsdfh1 Zh ghqh wkh vsdfh O4 +> S>[3, wr eh wkh
vhw ri udqgrp yduldeohv j = $ [3> iru zklfk
kj> hl = $ $ kj +$, > hl lv phdvxudeoh iru doo h lq [ dqg
njnO4

+>S>[3,  lqi iP  3> njn[3 P S d1v1j ?4=
Wkhq wkh vhw O4 +> S>[
3, lv ghqhg wr eh wkh vhw ri htxlydohqfh fodvvhv j ri ho0
hphqwv ri O4 +> S>[3,/ zkhuh i  j / ki> hl @ kj> hl S d1v1 iru doo h lq [= Zh
frqvlghu wkh qrup nnO4

+>S>[3, jlyhq e| njnO4

+>S>[3, @ lqij5j
njnO4

+>S>[3, iru doo
j 5 O4 +> S>[3,1
Lw lv vkrzq lq Vfkzduw} +4<:7, wkdw wkh gxdo vsdfh ri O4S +> [, lv wkh vsdfh
O4 +> S>[
3,1 Pruh suhflvho|/ wkhuh lv dq lvrprusklvp ehwzhhq O4 +> S>[
3, dqg
O4S +> [,
3
wkdw dvvrfldwhv zlwk dq| udqgrp yduldeoh j lq O4 +> S>[
3, wkh frqwlq0
xrxv olqhdu ixqfwlrqdo  rq O4S +> [, jlyhq e|
 = i $ +i, @ H
k
ki> jl[>[3
l
iru doo i lq O4S +>[,
zkhuh ki> jl[>[3 = $ :$ ki +$, > j +$,l[>[31 Qrwlfh wkhq wkdw O4 +> S>[ 3, lv d Edqdfk
vsdfh1
Ohw  ghqrwh wkh vhw ri udqgrp yduldeohv  iurp  wr Pe ri wkh irup  @Sp
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wl  31 Zh vkrxog zulwh  @
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exw zh zloo rplw wkh lqgh{  iru wkh
vlpsolflw| ri wkh qrwdwlrqv1
Zh kdyh wkh iroorzlqj
Ohppd 5141 Wkh vhw  lv lqfoxghg lq O4S +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1
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5151 Wkh prgho
Zh frqvlghu d prgho lq zklfk djhqwv idfh lqyhvwphqw rssruwxqlwlhv ghvfulehg e|
wkhlu fdvk  rzv1 D suredelolw| vsdfh +> I> S , lv vshflhg dqg {hg1 Wkh vhw 
uhsuhvhqwv doo srvvleoh vwdwhv ri wkh zruog1 Dq lqirupdwlrq vwuxfwxuh/ zklfk ghvfulehv
krz lqirupdwlrq lv uhyhdohg wr lqyhvwruv/ lv jlyhq e| d owudwlrq +Iw,w5W vdwlvi|lqj
wkh xvxdo frqglwlrqv dqg vxfk wkdw I3 @ i>>j1 Lq qlwh glvfuhwh wlph/ zh wdnh
W @ i4> ===> gj/ lq lqqlwh glvfuhwh wlphW @ Q dqg lq lqqlwh frqwlqxrxv wlphW @ U.=
Zh prgho lqyhvwphqw rssruwxqlwlhv zklfk duh dydlodeoh wr lqyhvwruv lq wkh iroorzlqj
zd|1
Ghqlwlrq 5151 Dq lqyhvwphqw lv dq +Iw,w5W0dgdswhg surfhvv  @ +w,w5W/ qxoo
rxwvlgh d qlwh qxpehu ri gdwhv/ l1h1 wkhuh h{lvwv

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4 > ===> w
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vxfk wkdw w @ 3 iru doo
w @5 wl Ql@4/ dqg vxfk wkdw w lv lq O4 +> Iw> S , iru doo w lq W=
Zh frqvlghu d frqyh{ frqh M ri lqyhvwphqw rssruwxqlwlhv= wklv dprxqwv wr vd|lqj
wkdw dq lqyhvwru kdv d uljkw wr vxevfuleh wr +d qlwh qxpehu ri, glhuhqw lqyhvwphqw
sodqv dqg wkdw kh fdq ghflgh dw wkh vwduwlqj gdwh ri dq| lqyhvwphqw rssruwxqlw| zklfk
dprxqw ri wklv sduwlfxodu lqyhvwphqw kh zdqwv wr ex|1 Zh vkdoo vhh lq vhfwlrqv 6 dqg
7/ zlwk vshflf h{dpsohv/ wkdw zh duh ohdg wr frqvlghu frqyh{ frqhv lq rughu wr wdnh
lqwr dffrxqw wkh idfw wkdw lqyhvwruv duh qrw qhfhvvdulo| deoh wr vhoo dq lqyhvwphqw sodq
+vhh iru lqvwdqfh wkh fdvh ri vkruw vdoh frqvwudlqwv ru wudqvdfwlrq frvwv,1
Zh grq*w vshfli| wkh hohphqwv ri M vr idu1 Zh frqvlghu dq| lqyhvwphqw  @ +w,w5W
dv d udqgrp yduldeoh iurp  wr wkh vhw ri glvfuhwh erxqghg Udgrq phdvxuhv ri wkh
irup
 @
[
w3
ww
zkhuh w @ 3 iru w @5

wl
Q
l@4
/ l1h1 dv dq hohphqw ri 1
Zh lqwurgxfh wkh iroorzlqj dvvxpswlrq1
Dvvxpswlrq D= wkhuh h{lvwv d vhtxhqfh g @ +gq,q3 vxfk wkdw iru doo w
  3> iru doo
Ew lq Iw ri srvlwlyh suredelolw|/ wkhuh h{lvwv  lq M ri wkh irup w @ 3 rxwvlgh Ew /
w @ 3 iru doo w ? w/ w  3 iru doo w A w/ dqg wkhuh h{lvwv gq 5 g/ S ^gq A 3` A 3=
Lq zrugv/ li d frqyh{ frqh M ri dydlodeoh lqyhvwphqwv vdwlvhv Dvvxpswlrq D/ wklv
phdqv wkdw wkhuh h{lvwv d vhtxhqfh ri wudglqj gdwhv vxfk wkdw/ iru doo gdwh dqg iru doo
hyhqw dw wkdw gdwh/ wkhuh h{lvwv dq lqyhvwphqw sodq lq rxu dgplvvleoh vhw ri lqyhvwphqw
rssruwxqlwlhv wkdw vwduwv dw wkdw gdwh dqg lq wkdw hyhqw/ wkdw fdq wdnh dq| ydoxh dw
wkdw gdwh dqg lq wkdw hyhqw exw wkdw lv qrqqhjdwlyh diwhu wkdw gdwh dqg qrqqxoo dw rqh
gdwh ehorqjlqj wr wkh deryh phqwlrqhg vhtxhqfh ri gdwhv1 Urxjko|/ Dvvxpswlrq D
fruuhvsrqgv wr wkh srvvlelolw| ri wudqvihuulqj vrph prqh| iurp dq| gdwh dqg hyhqw
wr vrph sduwlfxodu gdwh1 Wklv dvvxpswlrq lv qrw wrr uhvwulfwlyh= lw lv vdwlvhg li zh
fdq ex| dw hyhu| gdwh dqg hyhqw d erqg zlwk d jlyhq pdwxulw| hyhq li wklv erqg lv
ghidxowdeoh dqg hyhq li wkhuh lv qr vhfrqgdu| pdunhw iru wkdw erqg +l1h1 zh kdyh wr zdlw
xqwlo wkh pdwxulw| lq rughu wr uhfryhu dq| prqh| zlwk d srvlwlyh suredelolw|/ zklfk
pd| eh glhuhqw iurp 4,> wklv lqfoxghv pdunhw prghov zlwk iulfwlrqv rq wkh qxpìudluh
olnh qr eruurzlqj/ glhuhqw eruurzlqj dqg ohqglqj udwhv/ erqgv zlwk ghidxow ulvn/
glhuhqw eruurzlqj idflolwlhv dprqj lqyhvwruv1 Pruh jhqhudoo|/ lw lv vdwlhg li wkhuh lv
dw ohdvw rqh dvvhw zkrvh sulfh fdqqrw eh qhjdwlyh +zklfk lv xvxdoo| wkh fdvh iru vwrfnv
ru iru rswlrqv/ ghidxowdeoh erqgv/ hwf1,1 Qrwlfh wkdw lw lv vdwlvhg lq doo fdvhv ri pdunhw
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prghov zlwk iulfwlrqv wkdw zh kdyh phqwlrqhg lq wkh lqwurgxfwlrq dqg wkdw zh vkdoo
frqvlghu pruh suhflvho| lq vhfwlrqv 6 dqg 71
Zh qrz frph wr wkh qrwlrq ri qr0duelwudjh1
Ghqlwlrq 5161 Wkhuh lv qr duelwudjh rssruwxqlw| iru M li dqg rqo| li M _. @ i3j1
Ohw xv fkhfn wkdw wklv ghqlwlrq fruuhvsrqgv wr wkh xvxdo qrwlrq ri qr0duelwudjh/
l1h1 dq lpsrvvlelolw| wr kdyh dffhvv wr dq lqyhvwphqw wkdw |lhogv d srvlwlyh jdlq lq
vrph flufxpvwdqfhv zlwkrxw d frxqwhuydlolqj wkuhdw ri orvv lq rwkhu flufxpvwdqfhv1
Lq rxu iudphzrun/ dq duelwudjh rssruwxqlw| zrxog frqvlvw lq d qrqqhjdwlyh qrqqxoo
lqyhvwphqw1 Dqg  @ +w,w5W lv d qrqqhjdwlyh qrqqxoo lqyhvwphqw surfhvv li dqg rqo|
li  = $ :$SQl@4wl +$, wl / zklfk lv lq O4S +>Pe,/ ehorqjv wr . dqg lv qrw qxoo=
Lw lv hdv| wr vhh wkdw wkh qrwlrq ri qr0duelwudjh lqwurgxfhg lq Ghqlwlrq 516 fdq
eh zulwwhq lq wkh irup +M  ., _ . @ i3j1 D iuhh oxqfk ghqrwlqj wkh srvvlelolw| ri
jhwwlqj duelwudulo| forvh wr dq duelwudjh rssruwxqlw|/ zh lqwurgxfh wkh iroorzlqj
Ghqlwlrq 5171 Wkhuh lv qr iuhh oxqfk iru M li dqg rqo| li +M  ., _ . @ i3j/
zkhuh wkh edu ghqrwhv wkh forvxuh lq O4S +>Pe, =
Qrwlfh wkdw li wkhuh lv d qxpìudluh/ wkh dvvxpswlrq +M  .,_. @ i3j/ zkhuh wkh
edu ghqrwhv wkh forvxuh lq O4S +>Pe,/ lv ohvv uhvwulfwlyh wkdq wkh xvxdo dvvxpswlrq
ri qr0iuhh oxqfk +zlwk ghwhuplqlvwlf wlphv,1 Wkh glhuhqfh ehwzhhq wkh wzr qrwlrqv
olhv lq wkh idfw wkdw wkh qrqqhjdwlyh qrqqxoo udqgrp yduldeoh wkdw zh fdq doprvw
uhdfk zlwk dgplvvleoh lqyhvwphqwv lv dw d qlwh gdwh iru wkh qhz qrwlrq zkhuhdv
lw fdq eh dw lqqlw| iru wkh xvxdo qrwlrq1 Wkh qrwlrq ri devhqfh ri iuhh oxqfk
dgrswhg lq wklv sdshu grhv qrw h{foxgh iuhh oxqfkhv dw lqqlw| dqg fdq wkhuhiruh eh
frqvlghuhg dv pruh hfrqrplfdoo| phdqlqjixo1
5161 Fkdudfwhul}dwlrq ri wkh qr0duelwudjh dvvxpswlrq lq d prgho zlwk  rzv
E| dgdswlqj wkh surri ri \dq +4<;3,/ zh rewdlq/ xqghu DvvxpswlrqD/ wkh iroorzlqj
Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj lq rxu jhqhudo iudphzrun zlwk  rzv1
Wkhruhp 5181 Ohw M ghqrwh d frqyh{ frqh ri lqyhvwphqwv vdwlvi|lqj Dvvxpswlrq D1
Wkhuh lv qr iuhh oxqfk iru M li dqg rqo| li wkhuh h{lvwv d surfhvv j @ +jw,w5W vdwlvi|lqj
iru doo w lq W/ S +3 ? jw ? P, @ 4 iru vrph P lq U./ dqg vxfk wkdw
H
%[
w5W
jww
&
 3 iru doo  @ +w,w5W 5 M= +514,
Pruhryhu/ wkh surfhvv j fdq eh wdnhq +Iw,w5W0 dgdswhg1
Lq wkh fdvh zkhuh wkh vhw ri lqyhvwphqw rssruwxqlwlhv lv uhodwhg wr d frxqwdeoh vhw
ri gdwhv/ zklfk lv wkh fdvh lq qlwh +uhvs1 lqqlwh, glvfuhwh wlph zkhuh W @ i4> ===> gj
+uhvs1 W @ Q,/ wkhq Dvvxpswlrq D lv qrw qhhghg wr rewdlq Wkhruhp 5181
Fruroodu| 5191 Ohw M ghqrwh d frqyh{ frqh ri lqyhvwphqwv1 Lq qlwh ru lqqlwh
glvfuhwh wlph/ wkhuh lv qr iuhh oxqfk iru M li dqg rqo| li wkhuh h{lvwv d S 0hvvhqwldoo|
erxqghg surfhvv j @ +jw,w5W vxfk wkdw lqhtxdwlrq 514 krogv1
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Vr/ lq frqwlqxrxv wlph/ vwduwlqj iurp wkh dvvxpswlrq ri qr iuhh0oxqfk lq d yhu|
jhqhudo prgho zlwk  rzv/ zlwkrxw dq| dvvxpswlrq rq wkh h{lvwhqfh ri d qxpìudluh/ exw
xqghu Dvvxpswlrq D +iru zklfk zh kdyh jlyhq dq lqwhusuhwdwlrq dqg wkdw zloo uhyhdo
wr eh vxlwhg wr rxu pdunhw iulfwlrqv,/ zh kdyh suryhg wkh h{lvwhqfh ri d glvfrxqw
surfhvv vxfk wkdw/ xvlqj wklv surfhvv dv d gh dwru/ doo dydlodeoh lqyhvwphqwv kdyh
qrq0srvlwlyh suhvhqw ydoxh> wklv phdqv wkdw wkhuh h{lvwv d whup vwuxfwxuh vxfk wkdw
wkh pdunhw frqvlvwlqj ri wkh sulplwlyh lqyhvwphqw rssruwxqlwlhv dqg ri wkh dgglwlrqdo
eruurzlqj dqg ohqglqj idflolwlhv lv vwloo duelwudjh0iuhh1 Ehvlghv/ wkh h{lvwhqfh ri vxfk
d glvfrxqw surfhvv suhyhqwv iurp dq| duelwudjh rssruwxqlw|1 Lq rwkhu zrugv/ wkhuh
lv qr iuhh oxqfk iru d frqyh{ frqh ri dydlodeoh lqyhvwphqwv vdwlvi|lqj Dvvxpswlrq D
li dqg rqo| li d jlyhq frqyh{ vhw ri dgplvvleoh glvfrxqw surfhvvhv lv qrq0yrlg1 Zh
uhfdoo wkdw Dvvxpswlrq D lv qrw qhhghg li zh ghdo zlwk glvfuhwh/ srvvleo| lqqlwh/
wlph1
Zh kdyh vhhq wkdw wkh glvfrxqw surfhvv fdq eh wdnhq dgdswhg wr rxu owudwlrq1
Zh kdyh rewdlqhg vr idu qr rwkhu uhjxodulw| frqglwlrqv +vxfk dv uljkw0frqwlqxlw|,> zh
vkdoo vhh lq wkh iroorzlqj vhfwlrq wkdw xqghu vrph uhjxodulw| frqglwlrqv rq wkh lqyhvw0
phqwv/ zh rewdlq uhjxodulw| surshuwlhv rq wkh glvfrxqw surfhvv lwvhoi1 Ehvlghv/ wkh
wdnlqj lqwr dffrxqw ri iulfwlrqv rq wkh qxpìudluh zloo hqdeoh xv wr ehwwhu xqghuvwdqg
wkh qdwxuh ri wkhvh dgplvvleoh glvfrxqw surfhvvhv1
Vlqfh prvw pdunhw prghov zlwk iulfwlrqv fdq w lq wkh prgho zlwk  rzv iru d
vshflf frqyh{ frqh ri dydlodeoh lqyhvwphqwv/ rxu prgho surylghv d xqlhg iudphzrun
iru wkh vwxg| ri wkh fkdudfwhul}dwlrq ri wkh devhqfh ri iuhh oxqfk lq vxfk lpshuihfw
pdunhw prghov1 Qrwlfh krzhyhu wkdw hfrqrplhv zlwk {hg wudqvdfwlrqv frvwv gr qrw
idoo lq rxu prgho zlwk  rzv/ vlqfh wkh vhw ri doo dydlodeoh lqyhvwphqwv lv qrw d frqh1
61 Dssolfdwlrq wr pdunhw prghov zlwk iulfwlrqv rq wkh qxpìudluh
Lq wklv vhfwlrq/ zh vwloo frqvlghu d jhqhudo iudphzrun zlwk  rzv/ exw zh lqwurgxfh
d qxpìudluh/ srvvleo| vxeplwwhg wr frqvwudlqwv1 Wklv hqdeohv xv wr jlyh d ehwwhu
lqwhusuhwdwlrq ri wkh dgplvvleoh glvfrxqw surfhvvhv irxqg lq wkh suhylrxv vhfwlrq1
Pruhryhu/ zh rewdlq d fkdudfwhul}dwlrq ri wkh qr0iuhh oxqfk dvvxpswlrq lq jhqhudo
prghov zlwk  rzv zlwk srvvleoh iulfwlrqv rq wkh qxpìudluh1 Vlqfh pdunhw lpshuihfwlrqv
olnh frqyh{ frqh frqvwudlqwv/ sursruwlrqdo wudqvdfwlrq frvwv/ hwf1 fdq w lq rxu prgho
zlwk  rzv/ rxu dssurdfk zloo hqdeoh xv lq wkh qh{w vhfwlrq wr fkdudfwhul}h wkh devhqfh
ri iuhh oxqfk lq wkhvh lpshuihfw prghov/ zkhq wkhuh duh/ lq dgglwlrq/ lpshuihfwlrqv rq
wkh qxpìudluh1
Zh lqwurgxfh d ihz qrwdwlrqv1 Ohw J ghqrwh wkh vhw ri doo +htxlydohqfh fodvvhv, ri
surfhvvhv j @ +jw,w3/ vxfk wkdw iru doo w 5 U./ 3 ? jw  Pj iru vrph vfdodu Pj1
Iru d frqyh{ frqh N lq / ohw JN ghqrwh wkh frqyh{ vhw ri surfhvvhv j 5 J vxfk wkdw
H
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w3 jww
l
 3 iru doo  5 N1
6141 Zlwk d shuihfw qxpìudluh
Zh dvvxph wkdw wkhuh lv d shuihfw qxpìudluh/ l1h1 wkdw wkhuh duh srvvlelolwlhv wr wudqvihu
prqh|/ zlwkrxw iulfwlrq/ iurp rqh gdwh wr dqrwkhu1 Ohw V3 @

V3w

w3
ghqrwh d
srvlwlyh/ dgdswhg +qxpìudluh, surfhvv vxfk wkdw iru doo +w4> w5, 5 U5./ iru doo  5
O4 +> Iw4aw5 > S ,/ wkh surfhvv ghqrwhg e| 
+3>>w4>w5, dqg jlyhq e|

+3>>w4>w5,
w @ 
V3w44w@w4 . V3w54w@w5 iru doo w  3
:
ehorqjv wr 1 Qrwlfh wkdw wklv lv htxlydohqw wr V3w 5 O4 +> Iw> S , iru doo w  31 Ohw
Mqxp ghqrwh wkh frqyh{ frqh jhqhudwhg e| d jlyhq frqyh{ frqh M lq  dqg doo wkh
lqyhvwphqwv +3>>w4>w5,1 Wkh vhw Mqxp fruuhvsrqgv wr doo dydlodeoh lqyhvwphqwv lq d
prgho zlwk  rzv/ zkhuh djhqwv fdq lqyhvw lq d shuihfw qxpìudluh1 Qrwlfh wkdw Mqxp
vdwlvhv Dvvxpswlrq D vr wkdw/ dffruglqj wr Wkhruhp 518/ wkhuh lv qr iuhh oxqfk lq
d prgho zlwk d shuihfw qxpìudluh li dqg rqo| li wkh vhw JMq xp lv qrq0yrlg1 Zh rewdlq
wkh iroorzlqj fkdudfwhul}dwlrq ri wkh vhw ri dgplvvleoh glvfrxqw surfhvvhv1
Ohppd 6141 Wkh vhw JMqxp frqvlvwv ri doo surfhvvhv j 5 JM vxfk wkdw jV3 lv d S 0
pduwlqjdoh iru +Iw,w31
Wklv phdqv wkdw li zh lqwurgxfh d whup vwuxfwxuh jlyhq e| d qxpìudluh V3/ wkhq lq
wkh devhqfh ri iuhh oxqfk/ wkh surfhvv j pxvw eh htxdo wr 4
V3
pxowlsolhg e| d srvlwlyh
pduwlqjdoh +zklfk lv wkh vwrfkdvwlf dqdorj ri d +srvlwlyh, frqvwdqw ixqfwlrq,1 Xs wr d
pduwlqjdoh/ wkh surfhvv j jlyhv xv wkh srvvleoh whup vwuxfwxuhv/ l1h1 zklfk zrxog eh
frpsdwleoh zlwk wkh dvvxpswlrq ri qr0iuhh oxqfk1 Qrwh wkdw wkh surfhvv jV3 dgplwv
d uljkw0frqwlqxrxv ohiw0olplwhg +UFOO, prglfdwlrq/ vr wkdw li 4@V3 lv UFOO/ wkhq j
lwvhoi dgplwv d UFOO prglfdwlrq1
Lq qlwh wlph/ dffruglqj wr Ohppd 614/ wkh devhqfh ri iuhh oxqfk iru JMq xp lpsolhv
wkdw wkhuh h{lvwv dq htxlydohqw suredelolw| phdvxuh xqghu zklfk wkh qhw suhvhqw ydoxh
+xvlqj V3 dv d gh dwru, ri dq| dydlodeoh lqyhvwphqw lv qrqsrvlwlyh/ l1h1 wkhuh h{lvwv d
suredelolw| phdvxuh T  S / vxfk wkdw HT
kS
w3
w
V3w
l
 3 iru doo  5 M 1 Lq lqqlwh
wlph/ wkh vlwxdwlrq lv vrphzkdw glhuhqw1
Fruroodu| 6151 41 Li V3 lv xqlirupo| lqwhjudeoh/ wkhq wkhuh lv qr iuhh oxqfk iru
Mqxp li dqg rqo| li wkhuh h{lvwv dq devroxwho| frqwlqxrxv suredelolw| phdvxuh
S rq +> I> S ,/ vxfk wkdw
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lqyhvwphqw  lq M 1
51 Li111/ wkhuh lv qr iuhh oxqfk iru Mqxp li dqg rqo| li wkhuh h{lvwv d suredelolw|
S rq +> I ,/ vxfk wkdw

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lqyhvwphqw  lq M 1
Frpsduhg zlwk wkh fodvvlfdo fdvh zlwk d shuihfw qxpìudluh frqvwdqwo| htxdo wr
4 +vhh h1j1 Vwulfnhu +4<<3,,/ lq wkh lqqlwh wlph iudphzrun/ zh rqo| qg dq devroxwho|
frqwlqxrxv suredelolw| phdvxuh/ zkrvh uhvwulfwhg ghqvlw| wr doo Iw lv srvlwlyh/ lqvwhdg
ri dq htxlydohqw suredelolw| phdvxuh dqg wklv lv gxh wr wkh idfw wkdw/ dv phqwlrqhg
lq vhfwlrq 5/ rxu dvvxpswlrq ri qr0iuhh oxqfk lv ohvv uhvwulfwlyh wkdq wkh xvxdo rqh/
vlqfh lw grhv qrw h{foxgh iuhh oxqfkhv dw lqqlw|1
Zh qrz wxuq wr fdvhv zkhuh wkh qxpìudluh lv vxemhfw wr vrph frqvwudlqwv1
6151 Zlwk ohqglqj dqg eruurzlqj rssruwxqlwlhv
Ohw V3 @

V3w

w3
dqg V4 @

V4w

w3
ghqrwh wzr srvlwlyh/ uljkw0frqwlqxrxv dqg
dgdswhg surfhvvhv zlwk V33 @ V
33
3 @ 4/ vxfk wkdw iru doo +w4> w5, 5 U5. zlwk w4  w5/ iru
doo  5 O4. +> Iw4 > S ,/ wkh surfhvvhv ghqrwhg e| +3>>w4>w5, dqg +4>>w4>w5, dqg jlyhq
e|

+3>>w4>w5,
w @ 
V3w44w@w4 . V3w54w@w5 iru doo w  3

+4>>w4>w5,
w @ 

V4w44w@w4  V4w54w@w5

iru doo w  3
;
ehorqj wr 1 Ohw M oe ghqrwh wkh frqyh{ frqh jhqhudwhg e| d jlyhq frqyh{ frqh M lq
 dqg doo wkh lqyhvwphqwv +3>>w4>w5, dqg +4>>w4>w5,1 Wkh vhw M oe fruuhvsrqgv wr doo
dydlodeoh lqyhvwphqwv lq d pdunhw prgho zkhuh djhqwv kdyh ohqglqj dqg eruurzlqj
rssruwxqlwlhv/ exw qrw lq wkh vdph frqglwlrqv1 Qrwlfh wkdw M oe vdwlvhv Dvvxpswlrq
D vr wkdw/ dffruglqj wr Wkhruhp 518/ wkhuh lv qr iuhh oxqfk lq d prgho zlwk vxfk
frqvwudlqwv rq wkh ohqglqj dqg eruurzlqj rssruwxqlwlhv li dqg rqo| li wkh vhw JM oe lv
qrq0yrlg1 Zh rewdlq wkh iroorzlqj fkdudfwhul}dwlrq ri wkh vhw JM oe 1
Ohppd 6161 Wkh vhw JM oe frqvlvwv ri doo surfhvvhv j 5 JM vxfk wkdw jV3 lv d S 0
vxshupduwlqjdoh dqg jV4 lv d S 0vxepduwlqjdoh iru +Iw,w31
Zh qrz lqwurgxfh dgglwlrqdo frqglwlrqv rq wkh surfhvvhv V3 dqg V41
+F4, Iru doo +w> w4> w5, zlwk w  w4  w5/ iru doo D 5 Iw4 / wkh surfhvvhv 

n>
4D
Vn
w
>w4>w5

5
M oe iru n @ 3> 4=
+F5, Iru doo v  w/ V3w @V3v  V4w @V4v 1
+F6, Wkh surfhvvhv V3 dqg V4 fdq eh zulwwhq lq wkh irup V3 @ h{s
U 
3 u
3
vgv dqg
V4 @ h{s
U 
3
u4vgv iru vrph erxqghg dqg surjuhvvlyho| phdvxudeoh surfhvvhv u
3 dqg u41
Frqglwlrq +F4, lv dq lqwhjudelolw| frqglwlrq> lw lv vdwlvhg li iru doo w  3/ 4@V3w
dv zhoo dv 4@V4w duh erxqghg1 Frqglwlrq +F5, hvvhqwldoo| phdqv wkdw wkh eruurzlqj
udwh lv juhdwhu wkdq ru htxdo wr wkh ohqglqj udwh1 Frqglwlrq +F6, phdqv wkdw wkh
surfhvvhv V3 dqg V4 duh dvvrfldwhg wr lqwhuhvw udwhv/ zlwk d srvvleoh vsuhdg1 Qrwlfh
wkdw frqwudulo| wr Mrxlql0Ndoodo +4<<8 e,/ zh gr qrw vxssrvh u3  u4/ vlqfh zh jhw lw
dv d frqvhtxhqfh ri wkh devhqfh ri iuhh oxqfk1
Ohppd 6171 Li wkhuh lv qr iuhh oxqfk iru M oe dqg li Frqglwlrq +F6, lv vdwlvhg/ wkhq
iru doo v  3/ u3v  u4v dqg Frqglwlrqv +F4, dqg +F5, duh vdwlvhg 1
Zh qrz rewdlq pruh vshflf fkdudfwhul}dwlrqv ri wkh vhw JM oe xqghu wkh glhuhqw
frqglwlrqv1
Ohppd 6181 41 Xqghu Frqglwlrq +F4,/ dq| j 5 JM oe dgplwv d uljkw0frqwlqxrxv
prglfdwlrq1
51 Xqghu Frqglwlrqv +F4, dqg +F5,/ wkh vhw JM oe frqvlvwv ri doo surfhvvhv j 5 JM
iru zklfk iru doo v  3/ wkhuh h{lvwv d surfhvv +]vw ,wv vdwlvi|lqj V3w @V3v  ]vw 
V4w @V
4
v iru doo w  v vxfk wkdw j]v lv d +uljkw0frqwlqxrxv, pduwlqjdoh iru +Iw,wv1
61 Xqghu Frqglwlrq +F6,/ wkh vhw JM oe frqvlvwv ri doo surfhvvhv j 5 JM iru zklfk
wkhuh h{lvwv d surfhvv ]  h{s U 
3
uvgv iru vrph erxqghg dqg surjuhvvlyho| phd0
vxudeoh surfhvvhv u vdwlvi|lqj u3v  uv  u4v iru doo v  3 vxfk wkdw j] lv d
+uljkw0frqwlqxrxv, pduwlqjdoh1
Sduw 4 vd|v wkdw wkh uljkw frqwlqxlw| ri wkh eruurzlqj dqg ohqglqj surfhvvhv lq0
gxfh wkh uljkw0frqwlqxlw| ri wkh dgplvvleoh glvfrxqw surfhvvhv1 Sduw 5 vd|v xs wr d
pduwlqjdoh/ wkh uhwxuqv ri wkh dgplvvleoh glvfrxqw surfhvvhv olh ehwzhhq wkh uhwxuqv
ri wkh ohqglqj dqg eruurzlqj surfhvvhv> qrwlfh wkdw li 4@V3 lv OO/ wkdq dq| dgplvvleoh
glvfrxqw surfhvv dgplwv d OO prglfdwlrq1 Sduw 6 vd|v wkdw li wkh ohqglqj dqg eru0
urzlqj surfhvvhv duh dvvrfldwhg wr lqwhuhvw udwhv/ wkhq vr duh wkh dgplvvleoh glvfrxqw
surfhvvhv1
<
6161 Zlwk ohqglqj rssruwxqlwlhv rqo|
Zlwk wkh qrwdwlrqv dgrswhg lq wkh suhylrxv vxevhfwlrq/ ohw Me ghqrwh wkh frqyh{ frqh
jhqhudwhg e| d jlyhq frqyh{ frqh M lq  dqg doo wkh lqyhvwphqwv +3>>w4>w5,1 Wkh vhw
Me fruuhvsrqgv wr doo dydlodeoh lqyhvwphqwv lq d pdunhw prgho zkhuh lqyhvwruv kdyh
ohqglqj rssruwxqlwlhv/ exw qrw qhfhvvdulo| eruurzlqj rssruwxqlwlhv1 Qrwlfh wkdw Me
vdwlvhv Dvvxpswlrq D vr wkdw wkhuh lv qr iuhh oxqfk lq d prgho zlwk qr eruurzlqj li
dqg rqo| li wkh vhw JMe lv qrq0yrlg1
Ohppd 6191 Wkh vhw JMe frqvlvwv ri doo surfhvvhv j 5 JM vxfk wkdw jV3 lv d vxshu0
pduwlqjdoh1
Zh fdq qrz wxuq wr lpshuihfwlrqv qrw rqo| lqyroylqj wkh qxpìudluh1
71 Dssolfdwlrq wr rwkhu pdunhw prghov zlwk iulfwlrqv
7141 Prghov zlwk glylghqgv
Zh frqvlghu d prgho ri qdqfldo pdunhw frqvlvwlqj ri Q qdqfldo dvvhwv/ srvvleo| sd|0
lqj glylghqgv wr wkhlu kroghuv1 Zh ghqrwh e|

Vn

4nQ
wkh dgdswhg sulfh surfhvvhv
ri wkh vhfxulwlhv dqg e|

Gn

4nQ
wkh dvvrfldwhg +srvvleo| qxoo, dgdswhg glylghqgv
surfhvvhv1 Zh dvvxph wkdw wkh glylghqgv duh glvfuhwh/ l1h1 wkdw wkhuh lv qr glylghqg
sdlg rxwvlgh d frxqwdeoh vhw ri gdwhv

xnq

q3
= wkh udqgrp yduldeoh Gnw fruuhvsrqgv
wr wkh glylghqgv sdlg e| wkh vhfxulw| n dw wlph w dqg zh kdyh Gnw @ 3 iru w @5

xnq

q3
1
Zh wuhdw Vnw e| frqyhqwlrq dv wkh srvw0glylghqgv pdunhw ydoxh ri wkh vhfxulw| n dw
wlph w1 Lq rwkhu zrugv/ li wkh glylghqg surfhvv mxpsv dw wlph w/ wkh pdunhw ydoxh Vnw
uh hfwv wkh mxps dv douhdg| kdylqj ehhq sdlg rxw/ ru Vnw lv h{0glylghqg1
Iru 4  n  Q / iru doo +w4> w5, 5 U5. zlwk w4  w5/ dqg iru doo D 5 Iw4 / zh dvvxph
wkdw wkh surfhvv +n>D>w4>w5, jlyhq e|

+n>D>w4>w5,
w @ 4D
Vnw44w@w4 .Gnw 4w4?ww5 . Vnw54w@w5 iru doo w  3
ehorqjv wr  dqg zh ohw MGly ghqrwh wkh olqhdu vsdfh jhqhudwhg e| doo wkhvh lqyhvwphqwv1
Zh vxssrvh wkdw Dvvxpswlrq D lv vdwlvhg1 Xvlqj Wkhruhp 518/ zh jhw wkdw
Wkhruhp 7141 Wkhuh lv qr iuhh oxqfk lq wkh prgho zlwk glylghqgv +ru htxlydohqwo|
iru MGly, li dqg rqo| li wkhuh h{lvwv d surfhvv j @ +jw,w3 5 J vxfk wkdw iru doo w4  w5
H
5
7jw5
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Qrwh wkdw lq wkh shuihfw fdvh zlwk qr glylghqg/ d qlwh wlph krul}rq/ dqg d shuihfw
qxpìudluh +frqvwdqwo| htxdo wr rqh,/ zh rewdlq wkh fodvvlfdo Ixqgdphqwdo Wkhruhp
ri Dvvhw Sulflqj/ zklfk dvvhuwv wkdw wkhuh lv qr iuhh oxqfk li dqg rqo| li wkhuh h{lvwv dq
htxlydohqw suredelolw| phdvxuh zlwk erxqghg ghqvlw|/ zklfk pdnhv wkh +glvfrxqwhg,
sulfh surfhvv ri wkh wudghg vhfxulwlhv d pduwlqjdoh1
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7151 Frqyh{ frqh frqvwudlqwv dqg dssolfdwlrqv wr vkruw vdoh frqvwudlqwv
Zh frqvlghu qrz d prgho ri qdqfldo pdunhw zkhuh wkh txdqwlwlhv ri wkh Q glhuhqw
ulvn| dvvhwv khog e| lqyhvwruv duh frqvwudlqhg wr olh lq d frqyh{ frqh F +lq UQ ,1 Qrwlfh
wkdw wklv vlwxdwlrq lqfoxghv wkh rqh zlwk qr frqvwudlqw +F @ UQ ,1
Zh ghqrwh e|

Vn

4nQ
wkh dgdswhg sulfh surfhvv ri wkh ulvn| dvvhwv1 Iru 4  n  Q /
iru doo +w4> w5, 5 U5./ dqg iru doo D 5 Iw4aw5 / zh dvvxph wkdw wkh surfhvv +n>D>w4>w5,
jlyhq e|

+n>D>w4>w5,
w @ 4D
Vnw44w@w4 . Vnw54w@w5 iru doo w  3
ehorqjv wr 1 Ohw +D>w4>w5, @

+n>D>w4>w5,

4nQ
1 Ohw MYh{ ghqrwh wkh iroorzlqj vhwq
{ +D>w4>w5,>{ 5 F> +w4> w5, 5 U5.> D 5 Iw4aw5
r
1
Wkh vhw MYh{ fruuhvsrqgv wr doo dydlodeoh lqyhvwphqwv lq d prgho zkhuh sruwirolrv duh
frqvwudlqhg wr olh lq d frqyh{ frqh1 Ohw F3 @ | 5 UQ > |  {  3> iru doo { 5 F1 Lq
wkh xqfrqvwudlqhg fdvh/ zh kdyh F3 @ i3j1 Zh jhw wkh iroorzlqj fkdudfwhul}dwlrq ri
wkh vhw JMYh{ 1
Wkhruhp 7151 Wkh vhw JMYh{ frqvlvwv ri doo surfhvvhv j 5 J vxfk wkdw iru doo w4  w5/
H ^jw5Vw5  jw4Vw4 m Iw4 ` 5 F31
Zh fdq dsso| wklv uhvxow wr pdunhw prghov zlwk vkruw vdoh frqvwudlqwv1 Zh frq0
vlghu d prgho ri qdqfldo pdunhwv zkhuh wzr vruwv ri vhfxulwlhv fdq eh wudghg1 Vkruw
vhoolqj wkh uvw w|sh ri vhfxulwlhv lv qrw doorzhg/ l1h1 wkh| fdq rqo| eh khog lq qrqqhj0
dwlyh dprxqwv/ zkhuhdv wkh vhfrqg w|sh ri vhfxulwlhv fdq rqo| eh khog lq qrqsrvlwlyh
dprxqwv1 Wkh prgho lqfoxghv vlwxdwlrqv zkhuh kroglqj qhjdwlyh dprxqwv ri d vhfxulw|
lv srvvleoh exw frvwo| dv zhoo dv vlwxdwlrqv zkhuh vrph +ru doo, vhfxulwlhv duh qrw vxemhfw
wr dq| frqvwudlqwv/ vlqfh zh pd| lqfoxgh d vhfxulw| wzlfh lq wkh prgho/ lq wkh uvw dqg
lq wkh vhfrqg vhw ri vhfxulwlhv1 Wklv prgho kdv ehhq vwxglhg lq Mrxlql0Ndoodo +4<<8e,/
lq qlwh wlph/ iru sulfh surfhvvhv zklfk duh lq O5 +> I> S , dqg uljkw0frqwlqxrxv1
Wklv vlwxdwlrq idoov lq rxu iudphzrun zlwk frqyh{ frqh frqvwudlqwv iru
Fv @

{ @ +{4> ===> {Q , 5 UQ >{n  3 iru n  m>{n  3 iru n A m

lq wkh fdvh zkhuh wkh uvw m dvvhwv fdqqrw eh vrog vkruw1 Wkhq
F3v @

| @ +|4> ===> |Q , 5 UQ > |n  3 iru n  m dqg |n  3 iru n  m

1
Zh wkhq hdvlo| rewdlq wkh iroorzlqj fkdudfwhul}dwlrq ri wkh vhw JMV / zkhuh MV lv jlyhq
e| MYh{ iru F @ Fv1
Fruroodu| 7161 Wkh vhw JMV ri dgplvvleoh glvfrxqw surfhvvhv lq wkh fdvh zlwk vkruw
vdoh frqvwudlqwv frqvlvwv ri doo surfhvvhv j 5 J/ vxfk wkdw iru doo vhfxulw| n  m wkdw
fdqqrw eh vrog vkruw/ jVn lv d vxshupduwlqjdoh/ dqg iru doo vhfxulw| n A m wkdw fdq
rqo| eh vrog vkruw/ jVn lv d vxepduwlqjdoh1
7161 Sursruwlrqdo wudqvdfwlrq frvwv
Zh frqvlghu d prgho ri qdqfldo pdunhw zkhuh wkh vhfxulwlhv duh vxemhfw wr elg0dvn
vsuhdgv= dw hdfk gdwh/ wkhuh lv qrw d xqltxh sulfh iru d vhfxulw| exw dq dvn sulfh/
44
dw zklfk lqyhvwruv fdq ex| wkh vhfxulw| dqg d elg sulfh/ dw zklfk wkh| fdq vhoo wkh
vhfxulw|1 Qrwlfh wkdw wklv prgho lqfoxghv vlwxdwlrqv zkhuh wkhuh lv d xqltxh sulfh
surfhvv V dqg zkhuh wkh wudqvdfwlrq frvw uhpdlqv frqvwdqw ryhuwlph/ l1h1 vlwxdwlrqv
zkhuh dw hdfk wlph w  3/ lqyhvwruv pxvw sd| Vw +4 . f, iru vrph srvlwlyh frqvwdqw f
wr ex| wkh vhfxulw| dqg uhfhlyh Vw +4 f, zkhq vhoolqj lw1
Vxfk d prgho zlwk wudqvdfwlrq frvwv kdv ehhq vwxglhg lq Mrxlql0Ndoodo +4<<8d,
xvlqj vlpsoh wudglqj vwudwhjlhv olnh lq Kduulvrq0Nuhsv +4<:<,/ dvvxplqj wkdw wkh wlph
krul}rq lv qlwh +htxdo wr W ,/ wkdw wkhuh h{lvwv d qxpìudluh surfhvv +lghqwlfdoo| htxdo
wr rqh, dqg wkdw iru doo w  3/ wkh elg dqg dvn sulfhv dw gdwh w duh lq O5 +> Iw> S ,1 Zh
lqwhqg khuh wr rewdlq wkh uhvxow ri Mrxlql0Ndoodo +4<<8d, e| xvlqj rxu dssurdfk zlwk
jhqhudo  rzv/ dqg wr h{whqg lw pdlqo| wr wkh fdvh zlwk lpshuihfwlrqv rq wkh qxpìudluh
dqg wr lqqlwh wlph1
Pruh suhflvho|/ zh frqvlghu +Q  4, vhfxulwlhv dqg iru 5  n  Q / zh ohw Vnw w3
dqg

V3nw

w3
ghqrwh uhvshfwlyho| wkh dgdswhg dvn dqg elg sulfh surfhvv1 Zh dvvxph
wkdw/ iru hdfk n> wkh surfhvvhv Vn dqg V3n duh uljkw0frqwlqxrxv dqg ri fodvv Gi / l1h1
wkdw wkh idplolhv iVj5Vi dqg iV3j5Vi duh xqlirupo| lqwhjudeoh/ zkhuh Vi ghqrwhv
wkh froohfwlrq ri vwrsslqj wlphv ri +Iw,w3/ wdnlqj rqo| d qlwh qxpehu ri ydoxhv lq
^3>.4`1 Ohw Viw>4 ghqrwh wkh froohfwlrq ri vwrsslqj wlphv  lq Vi vxfk wkdw   w d1v1
S 1
Iru hdfk n/ iru dq| vwrsslqj wlphv 4 dqg 5 lq Vi / zh frqvlghu wkh surfhvv
+n>4>5, jlyhq e|

+n>4>5,
w @ Vn44w@4 . V3n54w@5 iru doo w  31
Lw lv hdv| wr vhh wkdw iru hdfk n/ iru dq| vwrsslqj wlphv 4 dqg 5 lq Vi / wkh surfhvv
+n>4>5, lv dq lqyhvwphqw dv ghqhg lq Ghqlwlrq 515 dqg zh ghqh wkh vhw MFrvwv dv
wkh frqyh{ frqh jhqhudwhg e| doo wkhvh lqyhvwphqwv1
Zlwk wkh qrwdwlrqv dgrswhg lq wkh vxevhfwlrq 615/ zh pdnh wkh dgglwlrqdo dv0
vxpswlrq wkdw wkhuh h{lvw wzr surfhvvhv V3 dqg V4 vdwlvi|lqj Frqglwlrq +F4, dqg
zh ghqrwh e| M oe
Frvwv
wkh frqyh{ frqh jhqhudwhg e| MFrvwv dqg doo wkh lqyhvwphqwv
+3>>w4>w5, dqg +4>>w4>w5,1 Zh ghqrwh e| Joe wkh vhw ri surfhvvhv j 5 J vxfk wkdw
jV3 lv d S 0vxshupduwlqjdoh dqg jV4 lv d S 0vxepduwlqjdoh iru +Iw,w3/ dffruglqj wr
Ohppd 616/ Joe lv wkh vhw ri glvfrxw surfhvvhv frpsdwleoh zlwk wkh devhqfh ri iuhh
oxqfk iru wkh frqyh{ frqh jhqhudwhg e| doo lqyhvphqwv uhodwhg wr wkh eruurzlqj dqg
ohqglqj surfhvvhv1
Qrwlfh wkdw wkh qr0duelwudjh dvvxpswlrq lpsolhv wkdw wkh elg sulfh surfhvv olhv
ehorz wkh dvn sulfh surfhvv1 Zh wkhq kdyh wkh iroorzlqj
Wkhruhp 7171 Wkhuh lv qr iuhh oxqfk iru M oe
Frvwv
li dqg rqo| li wkhuh h{lvw dq dgdswhg
surfhvv j @ +jw,w3 5 Joe dqg vrph dgdswhg sulfh surfhvv V o|lqj ehwzhhq wkh elg
dqg dvn sulfh surfhvvhv vxfk wkdw j V lv d +uljkw0frqwlqxrxv, S 0pduwlqjdoh iru +Iw,w31
Li zh qrz vxssrvh wkdw wkhuh lv d shuihfw qxpìudluh V3  4/ zh jhw wkh uhvxow re0
wdlqhg e| Mrxlql0Ndoodo +4<<8d, lq d qlwh wlph vhwwlqj/ l1h1 wkhuh lv qr iuhh oxqfk
zlwk sursruwlrqdo wudqvdfwlrq frvwv li dqg rqo| li wkhuh h{lvwv dq htxlydohqw sured0
elolw| phdvxuh/ zlwk erxqghg ghqvlw| +lq O5 +> IW > S , lq wkh vhwwlqj ri Mrxlql0Ndoodo
+4<<8d,, wkdw wudqvirupv vrph surfhvv ehwzhhq wkh elg dqg wkh dvn sulfh surfhvvhv
lqwr d pduwlqjdoh1 Wkhruhp 717 hqdeohv wr frqvlghu pdunhw prghov zlwk sursruwlrqdo
wudqvdfwlrq frvwv dqg lpshuihfwlrqv rq wkh qxpìudluh/ lq dq lqqlwh wlph vhwwlqj1
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81 Frqfoxvlrq
Zh kdyh fkdudfwhul}hg wkh dvvxpswlrq ri qr0duelwudjh lq qdqfldo pdunhwv/ zkhuh dq|
lqyhvwphqw rssruwxqlw| lv ghvfulehg e| wkh fdvk  rzv wkdw lw jhqhudwhv> wkh devhqfh
ri iuhh oxqfk lv htxlydohqw wr wkh h{lvwhqfh ri d qrupdol}dwlrq surfhvv vxfk wkdw wkh
qhw suhvhqw ydoxh ri dq| lqyhvwphqw lv qrqsrvlwlyh/ l1h1 wkhuh h{lvwv d surfhvv vxfk
wkdw wkh qhw suhvhqw ydoxh ri wkh qrupdol}hg fdvk  rzv lv qrqsrvlwlyh1 Zh kdyh
wkhq dssolhg wklv yhu| jhqhudo uhvxow wr vshflf qdqfldo pdunhw prghov dqg pdlqo|
qdqfldo prghov zlwk lpshuihfwlrqv olnh lpshuihfwlrqv rq wkh qxpìudluh/ zklfk kdg
ehhq eduho| vwxglhg/ exw dovr sursruwlrqdo wudqvdfwlrq frvwv/ vkruw vdoh frqvwudlqwv/
frqyh{ frqh frqvwudlqwv/ iru zklfk zh kdyh jhqhudol}hg/ lq d xqlhg zd|/ h{lvwlqj
uhvxowv1
Lw lv hdv| wr ghulyh/ iurp wkh fkdudfwhul}dwlrq ri wkh qr0iuhh oxqfk dvvxpswlrq lq
lpshuihfw prghov/ iuhh oxqfk erxqgv rq wkh sulfh ri frqwlqjhqw fodlpv1 Iru lqvwdqfh/
lq wkh prgho dgrswhg lq vhfwlrq 716 zlwk wudqvdfwlrq frvwv dqg d qxpìudluh vxemhfw wr
frqvwudlqwv/ zh qg wkdw li wkh pdunhw frqvlvwlqj ri wkh sulplwlyh vhfxulwlhv dqg wkh
frqwlqjhqw fodlp frqwdlqv qr iuhh oxqfk/ wkhq wkh dvn sulfh iru d frqwlqjhqw fodlp e dw
gdwh W pxvw eh juhdwhu wkdq wkh lqpxp ri wkh h{shfwhg ydoxhv ri jW
j3
e ryhu doo dgplv0
vleoh glvfrxqw surfhvvhv j lq JM oe
F r v w v
1 Lq dq dqdorjrxv zd|/ zh qg wkdw wkh elg sulfh iru
e pxvw eh vpdoohu wkdq wkh vxsuhpxp ri wkh h{shfwhg ydoxhv ri jW
j3
e ryhu doo dgplvvleoh
glvfrxqw surfhvvhv1 Li wkh frqwlqjhqw fodlp e lv qrw vxemhfw wr dq| wudqvdfwlrq frvw
wkhq lwv idlu sulfh pxvw olh lq wkh lqwhuydo
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1
Wkh vdph dssurdfk uhpdlqv ydolg iru wkh rwkhu pdunhw lpshuihfwlrqv wkdw zh kdyh
frqvlghuhg1
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Dsshqgl{
Surri ri Ohppd 514 4, Zh suryh lw iru  @ ww lq 1 Li w lv d vlpsoh uhdo udqgrp
yduldeoh/ l1h1/ li lw rqo| wdnhv d qlwh qxpehu ri ydoxhv +dl,
L
l@4/ wkhq zh fdq zulwh  lq
wkh irup  @
SL
l@4 4Dl +dlw, iru d sduwlwlrq +Dl,4lL ri / dqg  5 Vw +>Pe,1 Iru
d jhqhudo w/ w fdq eh zulwwhq dv wkh S d1v1 olplw ri d vhtxhqfh +
q
w ,q3 ri vlpsoh
uhdo udqgrp yduldeohv> wkhq  @ olpq +qw w, d1v1 S / dqg  5PS +>Pe,1 Qrz/ vlqfh
n +$,nPe @ vxsnin4>i5F3 mw +$, i +w,m/ zh jhw H
nnPe @ H ^mw +$,m` ?41
5, Iru doo  lq >  @
Sp
l@4 wlwl > zh kdyh nnPe +$, @
Sp
l@4
wl +$, ehfdxvh
iru doo +w4> ===wp, lq +U.,
p > zh fdq qg i lq F3> vdwlvi|lqj nin  4 dqg i +wl, @ 4
+uhvs1 i +wl, @ 4, li wl +$,  3 +uhvs1 wl +$,  3,1 
Surri ri Wkhruhp 518 Ohw F  +M  .,1 Dvvxph uvw wkdw wkhuh h{lvwv d surfhvv
j vdwlvi|lqj wkh frqglwlrqv ri wkh wkhruhp= Ohw { 5 / { @ olpO4
S
+>Pe, {
q/ {q 5 F1
Vlqfh {q 5 F  / H
kSw3 jw{qw Sw3 jw{wl  P n{ {qnO4
S
+>Pe,
+Ohppd
514,/ wkxv H
kS
w3 jw{
q
w
l
$q H
kS
w3 jw{w
l
1 Vlqfh iru doo q/ H
kS
w3 jw{
q
w
l
 3/ zh
jhw H
kS
w3 jw{w
l
 3 dqg { @5 .q i3j1
Vxssrvh qrz wkdw F _ . @ i3j1 Ohw  ghqrwh dq| qrqqxoo hohphqw ri .= Zh
dsso| wkh Kdkq0Edqdfk vhsdudwlrq wkhruhp lq wkh qruphg yhfwru vsdfh O4S +>Pe,wr
qg Y 9@ 3 lq O4

> +Pe,3

/ l1h1 vdwlvi|lqj
41 kY> l+Pe,3>Pe = $ $ kY +$, > l+Pe,3>Pe lv phdvxudeoh iru doo  lq Pe
51 nYnO4 +>+Pe,3,  lqi

P  3> nYn
+Pe,
3
P S d1v1

?4/
iru zklfk/ iru doo f lq F/ H
k
kY> fl+Pe,3>Pe
l
  ?   H
k
kY> l+Pe,3>Pe
l
/
zkhuh kY> fl+Pe,3>Pe = $ :$ kY +$, > f +$,l+Pe,3>Pe 1 Vlqfh F lv d frqyh{ frqh/ zh fdq
wdnh  @ 3=
Ohw qrz iru doo w  3/ jw  kY> wl+Pe,3>Pe dqg j  +jw,w3 = Wkhq/ xvlqj 4,/ jw
lv d phdvxudeoh udqgrp yduldeoh1 Pruhryhu/ xvlqj 5,/ vlqfh iru doo w  3/ w 5 Pe
dqg vdwlvhv nwnPe  4/ zh jhw wkh h{lvwhqfh ri P lq U. vxfk wkdw iru doo w  3/
jw P S d1v1
Zh fodlp wkdw iru doo w  3> jw lv doprvw vxuho| qrqqhjdwlyh1 Vxssrvh wkdw wkhuh
h{lvwv w  3 vxfk wkdw Yw 
q
kY> wl+Pe,3>Pe ? 3
r
kdv srvlwlyh S 0suredelolw|1 Wkh
udqgrp yduldeoh !w lq O
4
S +>Pe, jlyhq e| !w = $ $4Yw +$, w ehorqjv wr / vr df0
fruglqj wr wkh vhsdudwlrq wkhruhp H
k
kY> !wl+Pe,3>Pe
l
 31 Exw H
k
kY> !wl+Pe,3>Pe
l
@
H
k
4Yw kY> wl+Pe,3>Pe
l
A 3/ d frqwudglfwlrq1
Zh fodlp wkdw iru doo  Sw3ww lq M / H kSw3 jwwl  31 Wklv lv lpphgldwh
xvlqj 5, dqg wkh htxdolw|
G
Y +$, >
S
w3ww
H
+Pe,
3>Pe
@
S
w3w +$, kY +$, > wl+Pe,3>Pe 1
Ghqrwh e| J wkh vhw ri doo htxlydohqfh fodvvhv ri surfhvvhv j @ +jw,w3 vxfk wkdw
iru doo w/ 3  jw Pj d1v1 S dqg H
kS
w3 jww
l
 3 iru doo  5 M 1 Zh fodlp wkdw iru
doo v  3/ wkhuh h{lvwv d surfhvv jv lq J vdwlvi|lqj jvv A 3= Il{ v lq U. dqg ohw V eh wkh
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idplo| ri htxlydohqfh fodvvhv ri vxevhwv ri  iruphg e| wkh vxssruwv ri wkh jv iru doo j
lq J1 Zh vhh wkdw wkh idplo| V lv qrw uhgxfhg wr wkh hpsw| vhw e| frqvlghulqj  @ v
lq wkh vhsdudwlrq wkhruhp1 Wkh idplo| V lv forvhg xqghu frxqwdeoh xqlrqv= lqghhg/
frqvlghu d vhtxhqfh +jq,q3 lqJ/ dqg ohw +dq,q3 ghqrwh d vhtxhqfh ri srvlwlyh vfdoduv
vxfk wkdw
S
q3 dqP
jq ? 4> wkh surfhvv k jlyhq e| kw 
S
q3 dqj
q
w d1v1 S iru doo
w  3/ ehorqjv wr J1 Khqfh wkhuh lv jv lq J vxfk wkdw iru V @ ijvv A 3j zh kdyh
S +V, @ vxs iS +V, >V 5 Vj1 Zh vkdoo qrz suryh wkdw S +V, @ 41 Li S +V, ? 4/
wkhq zh fdq dsso| wkh vhsdudwlrq wkhruhp wr  @ 4+V,w zklfk ehorqjv wr .q i3j
dqg surfhhglqj dv deryh/ zh qg j3v 5 J vxfk wkdw H 4+V,j3vv  A 31 Wkhq/
jv . j3v zrxog eh dq hohphqw ri J/ zkrvh vxssruw kdv S 0suredelolw| vwulfwo| juhdwhu
wkdq S +V,= d frqwudglfwlrq1
Lq wkh vdph zd|/ zh jhw wkdw wkhuh h{lvwv j lq J vxfk wkdw jgq A 3 doprvw vxuho|
iru doo gq 5 g/ zkhuh g lv wkh vhtxhqfh lqwurgxfhg lq Dvvxpswlrq D1 Zh frqvlghu
wkh surfhvv j vxfk wkdw iru doo w  3> jw 
S
q3 eqj
gq
w / zkhuh +eq,q3 lv d vhtxhqfh
ri srvlwlyh vfdoduv vxfk wkdw
S
q3 eqP
jgq ?41
Zh kdyh irxqg vr idu d surfhvv j vxfk wkdw iru doo w  3/ jw lv lq O4. +> I> S >U,/
jw  P iru doo w/ jgq A 3 doprvw vxuho| iru doo gq 5 g dqg H
kS
w3 jww
l
 3 iru doo
 @
S
w3ww lq M= Wkhq lw lv hdv| wr fkhfn wkdw wkh vdph krogv iru wkh +Iw,w30
dgdswhg surfhvv j @ +jw,w3 ghqhg e| jw @ H ^jw m Iw` S d1v1 iru doo w1 Wr qlvk
wkh surri/ zh rqo| qhhg wr vkrz wkdw iru doo w  3/ jw A 3 S d1v11 Dvvxph wkdw
iru vrph W rxwvlgh wkh vhw ri gdwhv igq>q 5 Qj zh kdyh mxvw frqvlghuhg/ wkh hyhqw
EW  ijW @ 3j kdv srvlwlyh S 0suredelolw|> zh nqrz wkdw wkhuh h{lvwv  @
S
w3ww
lq F vxfk wkdw W @ 3 rxwvlgh EW / w @ 3 iru doo w ? W / w  3 iru doo w A W / <gq 5 g/
S ^gq A 3` A 31 Iru wklv sduwlfxodu / zh zrxog kdyh H
kS
w3 jww
l
 H ^jgqgq ` A
3/ zklfk lv lpsrvvleoh dqg frpsohwhv rxu surri1
Surri ri Fruroodu| 519 Wkh surri uhpdlqv wkh vdph dv iru Wkhruhp 518/ uhsodf0
lqj wkh vhtxhqfh +gq,q3 e| Q 1 
Surri ri Ohppd 614 Wkh vhw JMqx p frqvlvwv ri doo dgdswhg surfhvv j 5 J vxfk
wkdw iru doo  lq Mqxp / H
kS
w3wjw
l
 31 Dsso|lqj wklv lqhtxdolw| wr +3>4D>w4>w5, dqg
+3>4D>w4>w5, iru doo w4  w5/ dqg D 5 Iw4 / zh jhw wkdw iru doo w4  w5/ H

4DV
3
w5
jw5
 
H

4Djw4V
3
w4
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dqg H

4DV
3
w5
jw5
  H 4Djw4V3w4/ wkxv wkh surfhvv jwV3w w3 lv d S 0
pduwlqjdoh iru +Iw,w3 = Wkh frqyhuvh lv lpphgldwh1 
Surri ri Fruroodu| 615 Iru 4, dqg 5,/ rqh lpsolfdwlrq lv lpphgldwh wdnlqj
jw  4@V3wH

g S@gS m Iw

dqg dsso|lqj Ohppd 614 dqg Wkhruhp 5181 Iru wkh frqyhuvh
lpsolfdwlrq/ zh nqrz e| Ohppd 614 wkdw iru doo j 5 JMq xp / jV3lv d pduwlqjdoh1
Wkh surfhvv jV3 dgplwv d uljkw0frqwlqxrxv prglfdwlrq/ wkdw fdq eh fkrvhq vr dv wr
eh d pduwlqjdoh zlwk uhvshfw wr +Iw,w3 +vhh Ndudw}dv0Vkuhyh +4<<4,,1 Iru 4,/ wkh
surfhvv

jwV3w

w3
lv xqlirupo| lqwhjudeoh/ vr lw frqyhujhv S d1v1 wr dq lqwhjudeoh
udqgrp yduldeoh wkdw zh vkdoo ghqrwh e| j4V34/ vxfk wkdw

jwV3w >Iw> 3  w  4

lv d
pduwlqjdoh +vhh Ndudw}dv0Vkuhyh +4<<4,,1 Vlqfh iru doo w  3/ jwV3w lv S d1v1 srvlwlyh/
zh ghqh dq devroxwho| frqwlqxrxv suredelolw| phdvxuh S rq +> I , e| vhwwlqj g S
gS

j4V
3
4
H^j4V34`
1 Lwv ghqvlw| uhvwulfwhg wr dq| Iw/ zklfk lv htxdo wr
jwV
3
w
H^j4V34`
/ lv srvlwlyh1 Wkhq
iru doo lqyhvwphqw lq M / w
V3w
ehorqjv wr O4

> Iw> S

iru doo w  3 dqgH S
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Iru 5,/ 
Surri ri Ohppd 616 Dq| j 5 JM oe vdwlvhv H
kS
w3 jw
+3>4D>w4>w5,
w
l
 3 iru doo
w4  w5/ iru doo D 5 Iw4 1 Wkhq iru doo D 5 Iw4 / H

4Djw5V
3
w5
  H 4Djw4V3w4 dqg wkh
surfhvv jV3 lv d vxshupduwlqjdoh1 Lq dq dqdorjrxv zd|/ zh qg wkdw wkh surfhvv jV4
lv d vxepduwlqjdoh1 
Surri ri Ohppd 617 Vlqfh +F6, lpsolhv +F4,/ xvlqj ohppd 618 4,/ wkhuh lv d
uljkw0frqwlqxrxv surfhvv j 5 J vxfk wkdw iru doo w4  w5/ H

jw5
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V3w5
V3w4
 V
4
w5
V4w4
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w5  w4 m Iw4
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::8 @ H jw4 u3w4  u4w4 m Iw4
@ jw4
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u3w4  u4w4
  3/ vr wkdw iru doo v  3/ u3v  u4v d1v1 S 1 Qrz/ ohw D eh jlyhq e|
D  +v> $, > u3v +$, A u4v +$,1 Vlqfh u3 dqg u4 duh erwk surjuhvvlyho| phdvxudeoh/ zh
nqrz wkdw D 5 E +^3> w`,  Iw iru doo w  31 E| Ixelql*v wkhruhp/ ohwwlqj  ghqrwh
wkh Ohehvjxh phdvxuh/ zh jhw wkdw   S +D, @ 3/ vr wkdw e| Ixelql*v Wkhruhp
djdlq/  +D$, @ 3 d1v1 S +zkhuh dv xvxdo/ D$  iv> +v> $, 5 Dj, dqg iru doo w4  w5/U w5
w4
u3vgv 
U w5
w4
u4vgv S d1v1
Surri ri Ohppd 618 4, Ohw v  3 eh {hg1 Xvlqj Frqglwlrq +F4, dqg surfhglqj
olnh lq Ohppd 616/ zh jhw wkdw [w 

jw
V3w
V3v

wv
lv dq +Iw,wv0vxshupduwlqjdoh dqg
\w 

jw
V4w
V4v

wv
lv dq +Iw,wv0vxepduwlqjdoh1 Zh nqrz wkdw S d1v1/ wkh olplwv [v.
dqg \v. h{lvw1 E| frqvlghulqj wkh lqyhvwphqwv 

n>
4D
Vnv
>v>w

5 M oe / zh jhw iru doo w  v/
H ^[w m Iv`  jv  H ^\w m Iv`1 Ohw ivqj eh d vhtxhqfh ri udwlrqdo qxpehuv ghfuhdvlqj
wr v1 Wkhq H ^\vq ` lv ghfuhdvlqj dqg erxqghg ehorz e| H ^\v`1 Wkhq i\vqj lv d x1l1
vhtxhqfh dqg d1v1 frqyhujhqfh lpsolhv O4 frqyhujhqfh1 Surfhglqj lq wkh vdph zd|
iru [/ zh jhw
H
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jV3

+v.,
V3v
m Iv
&
 jv  H
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jV4

+v.,
V4v.
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dqg/ xvlqj wkh uljkw0frqwlqxlw| ri wkh owudwlrq/ jv. h{lvwv dqg jv @ jv. d1v1 S 1 wkxv
j dgplwv d uljkw0frqwlqxrxv prglfdwlrq1
5, Zh suryh lw iru v @ 31 Zh nqrz e| Ohppd 616 dqg 4, wkdw iru j 5 JM oe /
jV3 +uhvs1 jV4, lv d uljkw0frqwlqxrxv vxshu0+uhvs1 vxe0,pduwlqjdoh 1 Pruhryhu/ e|
Frqglwlrq +F5,/ zh kdyh jV3  jV41 Wkhq zh xvh wkh dssurdfk dgrswhg lq Mrxlql0
Ndoodo +4<<8d/ Ohppd 6, ru Fkrxool0Vwulfnhu +4<<:,/ dgdswlqj lw wr wkh fdvh ri lqqlwh
wlph wr jhw wkh h{lvwhqfh ri d uljkw0frqwlqxrxv pduwlqjdoh surfhvv +pw,w3 zklfk
vdwlvhv

jV3

+w,  pw 

jV4

+w, iru doo w  3 +vhh Ohppd 4 lq Dsshqgl{ E iru d
ghwdlohg surri,1 Vlqfh iru doo w  3/ jw lv doprvw vxuho| srvlwlyh/ zh pd| ghqh wkh
surfhvv +]w,w3 e| ]w  pwjw iru doo w  31
6, Frqvlghu d vhw ri gdwhv +wl,lQ lq ^3> W ` vxfk wkdw 3 @ w3 ? w4 ? === ? wQ @ W /
zkhuh W lv d jlyhq srvlwlyh uhdo qxpehu1 Iru doo l  3/ zh nqrz wkdw wkhuh h{lvwv d
surfhvv ghqrwhg e| \ l ghqhg iru w  wl/ zklfk lv d S 0pduwlqjdoh iru +Iw,wwl dqg vxfk
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wkdw jw
V3w
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 \ lw  jw V
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iru doo w  wl1 Qrz ohw \ ghqrwh wkh +Iw,w5+wl,lQ 0dgdswhg
surfhvv ghqhg iru w 5 +wl,lQ e| \w @
T
ml
\
m4
wm
jwm
\ lw iru doo wl  w ? wl.41 Lw lv hdv|
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/ wkhq
iru doo l  Q  4/ [
3
wl.4
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3
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Zh h{whqg wkh surfhvv irxqg wklv zd| iru hdfk wlph julg w3 ? w4 ? === ? wQ lqwr d
frqwlqxrxv wlph surfhvv/ ghqhg iru w  W / e| ohwwlqj [3 @ h{s U 3 |vgv zlwk | +v, @
|l +v, iru hyhu| wl  w ? wl.4 zkhuh
[3wl.4
[3wl
@ h{s
U wl.4
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|l +v,gv1 Qrwh wkdw [3 lv
devroxwho| frqwlqxrxv dqg fdq eh zulwwhq[3w @ 4.
U w
3
xvgv zkhuh xv @ |v h{s
U v
3
|ygy1
Zh gr wklv iru qhu dqg qhu julgv ri xqlrq htxdo wr vrph ghqvh vxevhw ri ^3> W `1 Wkh
vhtxhqfh ri vorshv x +v> $, frqvwuxfwhg wklv zd| lv erxqghg lq O4 +^3> W `,/ vr lw
dgplwv d frqyhujhqw +iru wkh zhdn0vwdu wrsrorj| 

O4> O4

, vxevhtxhqfh1 Ohw xv
ghqrwh e| x lwv olplw/ dqg frqvlghu wkh surfhvv ] @ 4 .
U 
3
xvgv/ ghqhg iru w  W /
zklfk fdq eh zulwwhq lq wkh irup ]w @ h{s
U w
3
uvgv/ iru vrph erxqghg surfhvv u1
Wkh dvvrfldwhg vxevhtxhqfh j[3 lv dovr frqyhujhqw iru wkh zhdn0vwdu wrsrorj|


O4> O4

zlwk olplw htxdo wr j]1 Xvlqj wkh idfw wkdw iru doo wlph julg w3 ? w4 ?
=== ? wQ / wkh dvvrfldwhg surfhvv j[3 lv d S 0pduwlqjdoh iru +Iw,w5iw3>===>wQj/ lw lv hdv|
wr vhh wkdw j] lv d S 0pduwlqjdoh iru +Iw,wW 1 Zh dgrsw wkh vdph dssurdfk ehwzhhq
qW dqg +q. 4,W iru q  4/ wr qg d surfhvv ]/ ghqhg iru w  3/ zklfk fdq eh
zulwwhq lq wkh irup ]w @ h{s
U w
3 uvgv/ iru vrph erxqghg surfhvv u dqg vxfk wkdw j]
lv d S 0pduwlqjdoh iru +Iw,w31 Surfhglqj olnh lq wkh surri ri Ohppd 617/ zh jhw wkdw
u3v  uv  u4v 1 
Surri ri Ohppd 619 Lpphgldwh1 
Surri ri Wkhruhp 715 Xvlqj Wkhruhp 518/ iru doo D 5 Iw4 dqg { 5 F/ zh kdyh
H ^4D{  +jw5Vw5  jw4Vw4,`  3 vr wkdw iru doo { 5 F/ {  H ^+jw5Vw5  jw4Vw4, m Iw4 ` 
3 dqg H ^jw5Vw5  jw4Vw4 m Iw4 ` 5 F31 Frqyhuvho|/ li H ^jw5Vw5  jw4Vw4 m Iw4 ` 5 F3/
wkhq iru doo D 5 Iw4 dqg { 5 F/ 4D{  H ^jw5Vw5  jw4Vw4 m Iw4 `  3 d1v1 S / wkxv
H
kS
w3

{  +D>w4>w5,
w
jw
l
 3 dqg Wkhruhp 518 frqfoxghv1 
Surri ri Fruroodu| 716 Lpphgldwh xvlqj Wkhruhp 7151 
Surri ri Wkhruhp 717 Rqh lpsolfdwlrq lv hdv| qrwlflqj wkdw iru doo vwrsslqj wlphv
4 dqg 5/ zh kdyh/ xvlqj wkh idfw wkdw V olhv ehwzhhq wkh elg dqg dvn sulfh surfhvvhv/
wkh odz ri lwhudwhg h{shfwdwlrqv dqg wkh rswlrqdo vdpsolqj wkhruhp/
H
5
7[
w3

+n>4>5,
w jw
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8  H V3n5j5  Vn4j4  H k Vn5j5  Vn4j4l  31
Wkh uhvxow wkhq iroorzv iurp Wkhruhp 5181
Iru wkh frqyhuvh lpsolfdwlrq/ wkhuh h{lvwv d surfhvv j @ +jw,w3 5 J vxfk wkdw iru
doo n/ iru doo 4 dqg 5 lq V
i
w>4/ H
Vn4j4 . V3n5j5 m Iw  3 ru
H

V3n5j5 m Iw
  H Vn4j4 m Iw 1 +814,
4:
Zh frqvlghu wkh wzr q0glphqvlrqdo surfhvvhv ] dqg ] 3 jlyhq e| ]3w @hvv vxs
5Viw>4
H ^V3j m Iw`
dqg ]w @hvv lqi
5Viw>4
H ^Vj m Iw` iru doo w  31 Lq zrugv/ ]3n lv wkh vxsuhpxp ri wkh frq0
glwlrqdo h{shfwhg ydoxh ri wkh surfhhgv iurp wkh vwudwhj| wkdw frqvlvwv lq jrlqj vkruw
lq rqh vhfxulw| n +dqg lqyhvwlqj wkh surfhhgv lq vhfxulw| 3, diwhu wlph w +exw qrw qhf0
hvvdulo| dw wkh vdph wlph lq glhuhqw hyhqwv,1 Wkh surfhvv ] lv ghqhg v|pphwulfdoo|1
Zh kdyh iru doo w  3/ V3wjw  ] 3w dv zhoo dv ]w  Vwjw ehfdxvh iru doo w  3/ wkh
vwrsslqj wlph  @ w ehorqjv wr Viw>41
Lw lv d vwdqgdug uhvxow lq rswlpdo vwrsslqj wkdw ] 3 lv d S 0vxshupduwlqjdoh iru +Iw,w3
dqg wkdw ] lv d S 0vxepduwlqjdoh iru +Iw,w31 Xvlqj lqhtxdolw| +8=4,/ zh kdyh ]
3  ]1
Wkh surfhvv j fdq eh wdnhq uljkw0frqwlqxrxv +Ohppd 618/ 41, Dgdswlqj Ohppd 6 lq
Mrxlql0Ndoodo +4<<8d,/ zh jhw wkdw wkhuh lv d surfhvv ] o|lqj ehwzhhq +V3j, dqg +Vj,/
zklfk lv d S 0pduwlqjdoh iru +Iw,w3 +Ohppd 4 lq Dsshqgl{ E,1 Qrz/ ohwwlqj V  ]j /
zh jhw wkdw j V lv d uljkw0frqwlqxrxv S 0pduwlqjdoh dqg iru doo w  3/ V3w  Vw  Vw S
d1v1
Dsshqgl{ E
Ohppd 4 Li ] +uhvs1 ]3, lv dq
q
+Iw,w3 > S
r
0vxshupduwlqjdoh +uhvs1 vxepduwlq0
jdoh, vxfk wkdw ]3w  ]w iru doo w  3/ wkhq wkhuh h{lvwv dq
q
+Iw,w3 > S
r
0pduwlqjdoh
surfhvv ] vdwlvi|lqj ] 3w.  ]w  ]w. iru doo w  31
Surri Zh dgdsw khuh wkh dssurdfk ri Mrxlql0Ndoodo +4<<8d, wr wkh fdvh ri lqqlwh
dqg srvvleo| qrw uljkw frqwlqxrxv surfhvvhv1 Li wkh surfhvvhv duh glvfuhwh wkhq wkh
uhvxow lv dq dssolfdwlrq ri wkh lqwhuphgldwh ydoxh Wkhruhp1 Rwkhuzlvh/ frqvlghu dq
lqfuhdvlqj vhtxhqfh ri wlph julgv Gq @

n
5q > n  3

zklfk frqyhujhv wr d ghqvh vxevhw
G ri U.1 Wkhq surfhhg olnh lq Mrxlql0Ndoodo +4<<8d, wr qg d surfhvv \ ghqhg rq
G/ zklfk lv d S 0pduwlqjdoh iru +Iw,w5G dqg zklfk vdwlvhv ]
3
w  \w  ]w iru doo
w 5 G1 Wkhq h{whqg wklv surfhvv wr U. e| ghqlqj iru doo w @5 G/ ]w @ olpv$w>vAw
v5G
\v>
zh uhfdoo wkdw iru dq| vxepduwlqjdoh [ @ i[w> Iw> w  3j/ S doprvw vxuho| wkh olplw
[w.
}
@ olp
v$w>vAw
v5T
h{lvwv iru doo w  31 Wkh surfhvv ] olhv ehwzhhq ] 3. dqg ].1 Xvlqj
wkh uljkw0frqwlqxlw| ri wkh owudwlrq dqg wkh idfw wkdw \ lwvhoi lv d pduwlqjdoh/ zh
rewdlq wkdw ] lv d pduwlqjdoh1 
Uhihuhqfhv
^4` Dgohu/ L1/ Jdoh/ G1 +4<<:,= Duelwudjh dqg jurzwk udwh iru ulvnohvv lqyhvwphqwv lq d
vwdwlrqdu| hfrqrp|1 Pdwk1 Ilq1 5/ :60;41
^5` Dqvho/ M1S/ Vwulfnhu/ F +4<<3,= Txhotxhv uhpdutxhv vxu xq wkìruëph gh \dq1 Vìp1 gh
suredelolwìv1 Ohfwxuh qrwhv lq Pdwkhpdwlfv [[LY Vsulqjhu0Yhuodj/ Qhz0\run/ 55905:71
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surmhfwv1 Hfrqrphwulfd/ 9608/ 4564045741
^9` Fdudvvxv/ O1/ Mrxlql/ H1 +4<<:,= Frþwv gh wudqvdfwlrq hw frqwudlqwhv gh yhqwh ã gìfrxyhuw
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fxuuhqf| pdunhwv = d glvfuhwh0wlph prgho1 Suhsulqw1
^46` Ghoedhq/ I1/ Vfkdfkhupd|hu/ Z1 +4<<7,= D jhqhudo yhuvlrq ri wkh ixqgdphqwdo wkhruhp
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